ONE 
FUNCTIONS, LIMITS, AND CONTINUITY 


LL FUNGTIONS AND THEIR GRAPHS 


Real Number 


nequalition 


Intervals 


Abeotute Vane 


Siga, Step Function 
‘Triangle Inequality 


Graphing 
111 Definition 


Definition 


‘Greatest Integer 


‘an be expressd as a decimal 
1 ralipal sumberis repeating or terminating decimal 

e<b (e los than b) If ba bs positive: 

‘@>b (os greater than #) if a~b is positive 

25 (ais les than or equal to.) ife-<bora=hazbifa>bor 


zlecz<d) (a8)={zlaczes} (ad 
felagz<i) — (a,4o)=[2lz>0) (00,8) 
Cail felecoh (Canto): 
fab iter 
=Yira rac 
tee e ae 
sane=40 if =0. Ue) read 


la+8|sial+l6! 
‘Sketch mean by hand; plot mean using graphics calculator. Our poss label the axes. 


A finction ie vel of ordered pice of mumlbers (zy) in which no ewo distinct ordered 
ples hove the same frst number. The et ofall simissble values of = is called the 
domain of the function and the set of routing valuee of y ie called the renge of the 
function. The numbers and y are variedles. A function like |2| 1s said to be defined 
in pieces, 


If is function, then the grsgh of f isthe set ofall points (2,9) in R for which 
(2in) isan esdeced pai inf tha i the graph ofthe equation y= (2). 


A funetion determines a correspondence between tke slomain and the range 
For each number 2 in the domain there eorrsponds one and only one number pin 
the range. When addition, abtraction, and multiplication aie the oly operations 
required to caleate , ac in a polynomial function, the domain isthe set ofall real 
rhumbes. IF division is required to cleulate y, then the domain does not contain any 
feplacement for = that results in division by vero. Thus, for a rational enction, which 
la the quotient of to polynomials, the domain i the set of al eal numbers, except 
for thogo replacomonts of = that raul in a value of zero forthe denominator of the 
Fenetion. Beenuse the range ofa funetion in sl of real numbers, and the square root 
t's negative number i not real if Ue forma that defines fanetion contains the 
‘ayuace root sign, then mux! satisfy the inequality obtained by making. the 
esprassion under the radical sign greater than or equal so zero 


[e]=nitn ce cnt whee n isan integer. Note: -[-aJ=n4lifncesntte 


2 FUNCTIONS, LIMITS, AND CoNTiNUETY 
% (0) {(u)y=23} i faction; the domain (-c0,400) 
() (G0) 1s =34) is rt «function; i containe (6,2) and (4,2) 
(©) (Gov) |= 29) fsa funtion; the dwnain  (0) 
(0.4) |2=94} fa fnetion; the domain (2a Po) 
4 (a) {(e,9) |v = (2-1)? +2) is a function; the domain is (90, +20) 
(b) {(2.9)| 2 = (v +1)? —2} ie not a function; it contains (2,1) and (2,~3) 
(4 (Gea) y= (2422— 1) ia function; the domain (e200) 
GAG) = (+ 192) 6 futons the domain a rane) 


(22) 
(YJ +8) =2e41)-1= 22 498-1 
() LEEBRIE) fev) Ge— ap 


@ K-3=3 
@)1@ 


6 8/2) 


£8) 3/3. 
oP 


Ose)-10) 


oo e—d) aby 


Let—He)_Ie4h)=tfe_dle~Ce+m) 
i i iar) 


(0 f)=2¢1 + 5-y~3=-6 
Sag = mas rPeseen =n saie4 /O) ech aa 

© 4 PE5(h 41) <8 = 28 gon. aaa me tet 
(9) (9) =e _ 9 52? 3) —a arta meer Bey 
(hy fle) <r) S(e- W)—3 = Det -40h-+ 2 450 45h —S 

(Je) + 100) = 2455-3 e28 eOh—3 ae Sa Eee oN oD 


(y EAA I) _ (007 4 toh 4 2194524 5h—3)— (te? 50-3) deh DHS 
: z 


=Ae4 thts 
(b) off) = 30)? = 4 =P 
5 4P=4 = seat aa? 416) 4 = rat —rnet bat 
? ig? —2eh+h)—4 = 32" 6h + 3h2—4 
(ae) (ea) as? 9nt 
qBet ies) [es WP at 0) et eh Bet aah ay ag 


9. FC) = YeFd 
@)Febn= VErase= vere ores) 


(Pet) = fe g40= Vea (FG +60) 
{e) P(et— 62%) = Ve —G27 40 == -3| 
(9 SELM=HO) _ VERRED= VETO YET + VTTB_ (et he (049) _ A 

iD OT Vai” Melathads Voto) VET Toe SESE 


(e490 
Vive y= 


LL FUNCTIONS AND THEIR GRAPHS 3 


w. : 
(60-2) = Yin) = VE =e 
( Gtle-a)= ft (tame) = Vee ead 
© Geet te) = es ena = VF ea? 
peti aly vine k Vins Vines Ss sp ee 
Aen it 
Mt (@)=te=1 
> Ds (ooo. 00) 
Rote) 
4 Gla) = 2242 16 f)= (2-1) 
& D: (=00, +00) & Dz (—00, +00) 
Rie Ride) 


It. Gla) = VET 19. fe)= VF =F 

> Dee-150, > Deva 20, 
[te (-e,-2] 02,400) 
RE [0,00) Re (0,400) 


4 PUNCTIONS, LIMITS, AND CONTINUITY 


1 FG) = vo=F 

» D:92>0 
Con.8] 
(0,200) 


2. f= VEaI 

> Bia?-1>0 
(Ce A1G L400) 
B: [0 409) 


Deg Rey xs 


q ql 
1 } 53 ‘ 
2 sty weg? 
a taf HERG 


» Di (25,400) 
Rey#3 


LI PUNCTIONS AND THEIR GRAPHS 5 


ies trent eal 
Oe wm ya-{et? Beet 
= (2-24 DE ~3) - baeideae ad $piate: 
+ ERED» neta) sipeseea 
bee 3) C418) Ds(~20/409) 
wigs 
{iw itz<d 
est foes 


25 


Ds (-2400) 
Sel Liner! 
(es ter) 


mi 
Fa j 4 


6 PUNCTIONS, LIMITS, AND CONTINUITY 
ps3 ir e-3 


oh) [Yirs Ochs 0.1) 
Neal res 
5 Dia : 


Be (2-2) [0,51 (-20,-2) 
(-00)-2)U10,8) 


48. f(e)= [a= 


> Bem 400) 


Re integer) 


2 ites-4 P 

MoH it eres a G2) = 248 

2 idee 4 
eet 


Di (oa te0) 


metal » eel 
alae hol 
’ 
cesta weg Gen ae 
e-(Paee fe Ersi 0 =ftins? =f Were 


1.1 FUNCTIONS AND THEIR GRAPHS 7 


ane (tesa) —n6) 
wa beh -f Eig 
Wines Mets 

[242 ifreo oe 

test 

SERRE STREET Ba: au 74 et 
BO, (a) seals +1), (b) sen(r— 1) (e)sgate +t) —sane—1) 

Sut sts Te ora eam 
ee : 
Se ee ; 

Rar asacs, peta 
Rae est (ieee 
MO=)1-e #0<2ec1 0 ~ HO<e<t 
ecdeniy Heese nee P 


Define (2) pvc fo the graph of the frre 


‘sing the pointalope forme foreach segment give 


O4a{e+2) H-2geca forte 
peye{t Herd Woicesd _ fine 
=Vigis fd<zet tee 

2A afe-1) tees? inte 


§ FUNCTIONS, LIMITS, AND CONTINUITY 


'8. Define the graph of the figuce athe union ofthe graphs of 
two fametions fy ane J 
or nary 
St, Dosine the graph of the lates Z ae the union of fy, fe, fe 
‘© Use rlational operators to got segente cate Ghat ae 


has 


Be> ae <.8) 
os Bressne 59-55, defing the function picewise and sketch the graph 


fe) 
tafeeet $6. sle)-|2-2| 
Wezt 
, f ¥ : 
Exerc 66 oat 57 Beercle 8 
as oa woe 
4 t 7 
2 te 
i231 |ate—3)] 
P-Br ite<d x TG or t 
itosesa 
aie ite>d 5 Z 
In Brexeses 59 apd 00 sheich the graph of the function “| 
Auldlenivindaastietetatescite ak 74 
80, He) =e LoL Ds (—ot20} Re (81) Basile 60 Erect 60 
60. H(2) = 2 He]. Ds (20-400) Re [26 28+ 1), whee & ie my inte 


(1, Define two othesLmtions whose graphs resemble two diferent lire ofthe alphabet 
Ur f(e)=1-Vi=a4, Ve se) lel 
1.2 OPERATIONS ON FUNCTIONS AND TYPES OF FUNCTIONS. 
LBA Definition Given the two functions f aad s: 
(thee sam, denoted by J+ 5, ic the function defined by 


C+ ae) = fle) + ale) 
(i) thee ference denoted by J ~9, «the function defined by 
(F968) = fle)~ 912) 


(i) thet product, denoted by J+-g, isthe fonction defined by 
(aie) = fl2)- 02) 

(iv) their puotien, denoted by J/o isthe faction defined by 
(Sala) = H02)st=) 


In oach ease the do 
domains of f and g, with the additional rguisement in ease (iv) 
whic (=) =0 are excluded 


sof the serlting function consists of those velues of = commen to the 
‘hat the values of > for 


12 OPERATIONS ON FUNCTIONS AND TYPES OF PUNCTIONS 9 


1.22 Dection Given two fanetions F-and 9: the composite function, denoted by f.a9 aad read [of is 
dsiond by (feel = Slate) aad the dowain of fog is the set of all auctbers = in the 
‘demain of gaush that 2) i in the dom off. 
"The composition of nets iexipoiaive, at i (og) oh= fo (re8) 
DeGrition (9) funtion sid ta bean etn fiction if for every 2 in the domain of J, 5(~2) = fle) 
GB A fonaion asad ta be on odd felin  for ovary in the domain of f f(r) = fle) 
‘In both puts () and (i) it is underocd shat ri the donna off whetever 
‘Brot powers of rar oven functions; odd poner and of roots of zane of Tunetions 
ven, od 4 odd = ade even xeven =e, odd Xodd = evn, eren od = 04d 
“eons olljocd = even, wenfadd = odd, oddleven = od. See Exes 32. 


"Beeraaes 11h, dk the Slowing Iain and cetermie ther doen De 
(3) f9 b) F919 7-98) 1/9 © a1 
‘We sdopt the common presceof omit “(2)”. Valves tla se implicit dena ate tole. 
eT) fag et ta 8, De(-25e5) ©) fe =e eet De (ose) 
(9 fo9=G-SlP =P 582 HD OND) 
Sah ma gateh al f= Sah ieee 


yz PAU Ee 
69 Joy = Vale +19, B40) (8) F/0= FD: 400) ald 


LiystesBe cob esa Sah pepo 

= BAL praor orate sth enet 
ee ee ee 
fa favo =4—2 (a) fg = Ve+4—2% Di [O.+00) (h} 9 = VE— 442% De [De r00) 
JHA—2),D: [4e0) () to-go [BUR +0) (0 Wt 2 (0,400) 
gma —Ual fg = e+e? -1, D: [40) [b) f= a= VE? HID: Bo) 

69 Foo = JHE 19,0 40) (0) Ff = PE BEA) UCL 0) a1 = AE Dt) 
eh pale Bla) f+ 9=Lal 412 ~Bh De (-o0.40) (@) 9H mle 95 Do 4) 
(0 fog siate- sh Ds ae) sla = ley bre 8 01 als =! 


Epes SA re OMe § 


beast 


feet iig a te-¥9 F402 +801, D Canta) 0) fee -30 48, Delos) 
© fea a (eb Nae 2) 2 S022 4822, Ds (oe) © 9 HA DAY 
fe a1 = 357, P(e, +) 

fa VERA = 2-4 (8) fg VETTE De Lo 109) ODF 

Fetes) © Foam VEFWE = 4) Bilt 9) 0) 510 EE 
Wat =F5% Ds (tooo) 


Jera= a, 


Def U-22) URL 40) 


Ossaertey 
loalt= etch 
0. fork gmt feee 


Olin e 


so bueeses 11-14 compat (fe) by ve mete (0) Vind fe] et (1) Find (Fo) fi 
Hh. fe) tet ae ayaa d P (aK) =29 Sa 8 JIS AE 
‘dee 3) dtd ee 36) $99 = 1 8 
s 


pores 


Jp oasis 
12 gabe 
J.28 mins) f= dee 


8 Ds-tse) 


eer 


> @A=H=9. 
FPTEHH., 6) 


 () 8) 


eo wacoe% 
cure 

er at: eas 
a6 0) fide) = V gg = 5g EES 


RAPT VB = 98 


225, De(oe tox) 
221 DI Cwre) 


© (a Sits) 
(efi) 
16 FE 
® (a) figa)) = 3-26 
(fo) FUte)= 3-279 2) = te 


BE fla) = 259 
(agen~G-s 
{9 fut) =e-3)-9 =e 

8 fee) fergeda t+) 

© (9) fils) VER Ds 8) ae 
{0 Sule) = VE = VF, Bi 10.400) a) afoee = 

39, fa) venBuale)=st—* vio) fon = ye 
(dite = (/E=3P-2 
MUG) = (aH FB ee 2E EB) aH? 


(poe f= 3,0 (me), 
(G0 sake) = B86 Bo) = 82, Le 


9, Di (at) 


=p 28, 8: -00, 49) 


39, Def-aotes) Gat 280: Coston) 


41D p00) 
sah 42, Ds (-poctond 
Yaa, Di (me, 21 toe) 


nana 4 Or LB toe) 


Hae ha 1, Di (ana) 
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(otdaghy Dhaest 


(a) wate): brege 
@ di= i= FP Or) 
(a miley = pean 80 G@insten= (= > 4) 
2. fle)= Veal = (9) 1008) = YB 24-260) all) = po Bt) 
fie) = VF @)sigt= fg oe Bore 


Ke) = VET, #0) 


© @) fe 
(@) ase) = 
ree) 
© xee)= 


25. fleh= ve la) = VP 
(©) Hiker) = v= YE 9) @iHK-9) 
6 fa) = siz) 


@NO)= 7s 


je +2142, Ds (-oectoe) 


JFA 2420) 


ST (nyu Vio) 
Vee D: (05 -VAULV Et) 
=) 
Di(eotes) — OUCI=(V5t= 2D ne) 


YD (ost) 


pipers wuel= 


relma $ts (0) HAA) 


an brereaes 82-9; expart the uncon a flgle)| ts to ware 
tees the function ung of ties roa tho fist or the second 


n JPA 


SL (zteae~ at 


ae. Jirna 


vig 


square rool of the dtterence of 


2 power ofthe sum off 


1 Spewer of te repr of 


> quotient of 4 and eat 1008 of 


arabe ’ 


aesie t= yEP aaah 


1b Apne of difeseres af fe rte 
> square toot of sumol = VF, 


tn Beersings 99°98 plot the funcion ad determine ft even. odd, or nether 
Bh (ash seb clinenen gam of even powers) (b)Se*+1 nether (odd + even] 


BU (9) fp 2e bn neither even +0) (b) 21S even en even) 
38. (2) fa) — To odd odd + od) (aie atayeves 
BG) 8 5228 p ed (ald + ed) {by 2 Te peter (ede + eve) 
BT. (a) Ye x old fold ro!) (Sea beevn even eves) 
2B, (9) [zl/2 sod (oven + od) (b) Zi) ieeven (oven tes) 


tu Bvercaes $9 wad 10, determine if the fonrton ix een, o miter 


ae even) (0) Spa even (ven 
9.) Hab old sein) CET} Heen’ 


[21 ic econ favor eve) 
rn) (3) fl nanan ) 


12 PUNCTIONS, LUETS, AND CONTINUITY, 


da evened) (8) ge) BEE 


ren{t EEsgrceia[ fezaa-sto 


In Beereises 42°44, get fneton in interval, pnt it an ene i econ ot oF hither. 


fact et : oe a ee 
ETE od (ves dd) 2 nel Bitece aoe 


ffs) Sei jU(Q tl semen 
let) —(efentie teat 

15. F049 cof, See Exess 10-24, (8) vais (0) 

tu Reeraes 49-86, show that Fan 9 arene anes by showing th a) =e and ae 
MO (2-89 = HC+9). Joga 2hesI)—3=[e48)-San 40f=HOe=9) +2) = 10s) =» 
A fesm a —ayeat Eo Tatag Bet 
PEtoe=(ePnssepaldne 
ease ain ee en 
+ YF foam 104 2) 1 YP aa soft. Ye 


51. Find formalan for sgn) and Ula) and dete i rap 


Cuca = F 
itt Fahevn F 
ast 


he 

ita aa fh 

et 

£2. Af and gaol noe, roe ep and fp ae ed aed f-g ad Hp eee + 

© Jen =el as) =0) 7 

oh Pa soa 
18a) = Hahn 
ERO) Eee 

a AeV ae Hed) (AK) 

Spb oy treo andy cad Fea TMS foe we 
UJ tot ga wh a Jolne) = niga) aaa Jono 
U5 bevenand stat Mas) 

4 od er Up) Sal hol fn 0 fos 
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35, Pind forms for (gf) a sbeebs graph, 
i@=0 


= ane =H ame rere?) 
i igeret 
6 fc) ~2P-+ 90-42. to nein gH wbich fa) =a $0 
© Asoune phan te form s+, en fg) (oe FO 42a 48) idmaPt ob Dee 63h) 
Paks Ae Strona b= ht = 1. Bohne Fab? 


Aine t9 


Prove tot iff and gare intr functions, tn nis Fou 
Ie ea fG)aaketd}thncent (al si) Ae +B with Ama Reads, 


BR. AF F(a) = 4% id to functions 9 for which Fa) 
199, Flod the Sunction J(z) whieh i od and even, 
ca 


2) and f(-2) = fle) Thea ~ 


eri) JamT ana Cha) = JEF DEAT ste wot the ame, 


Soy >) C405) bu dom UG, e0) 


13 BUNCTIONS AS MATHPMATICAL. MODELS 
WVaeice shld he dcrbed ing wets «ft othe oath 
‘vie Propoional lo = Digetiyy = he Inveseely = f/2 dot proprtoval to aud: y= bes 
Mpuuermnm of 2 +by-4e orcas wien #~ =: tis can be obtained by couapleting the square: 
Maxis Preeti sel of portice mans of conn mi wen ecore ar ual Se Be. 28, 
“Winimmn Sem of ast of postive numberof constant produc swe certs are equal. Sex Bx 12 


Broveees 13, i 


Inch elec, dn apelin wa mato] mode of esto Dems me ae 
See ena yep! the mane wo wrt aad cr tT we Ce 
SoG) nd on (oy has ke fal oe cored 1 wate? 
i} Por ta eds Bio @) Rib) = de = 11280 
4. ponte ain wich # Ibi ety proprio ot by gh» ands pon weg 150 
AIeTR GS Wel) Hal tie Ge woke (78 pron 
ii) BeBe = fe (HIB) = TTo mA 
$4 Te po pa fa pedal gay propel nga Sito he aber =a ot 0 
TERE Siento se el al Had) 0) ae peted ot pecan 
0» EEE Tangs nel VA) e@) i=l Deep ae 
‘Tie thaung | poco sin Sry pope! th ot a ofthe lon had is 
Uh Seo ing ue J) (0 Fou te toner taro tein of 
Le Tee iE eotab ts 0 ait) FO == 
a idce<th 
4G) doa nec of supptigath Ole)= [is Heh cs emo (6 =22%00=110, 
Goin itp a0 
78 = 11134 C120) = 2.0 
fot) = aden 
rer 
sla 


‘o¢u) = 2 wt ~ 19710, (52) = 

(Cm) = 2 20 = HE, Claes) = Box 204 = 408328, 
1. a(z) ceo sth cot of muting x ue. 
ofa 9-2-2) 


WW PUNCTIONS, LIMErS, AND CONTINUITY 


Te ioe Trnteenee aaa 
Exercise 5 ‘oie Esercie 7 Brarcie 8 
1 x(a) cents inthe cost of an = minute call. ylz) = 10—20L-e]. 0.8) = 10— 20-05 
2) = 10-30 0 (24) = 10-30-25] = 


08) = 10 20f-9.5] = 10— 30-4) = 


on ie a, whith pi tr vine ryt lh pt 
in Sos SG) Tada mol of pionons rain of apy (0) feeh the pop ef par fncton i (0) 
eee cia 
> ait ean rages eff Hc 
bites 
‘Th dna or toy fo) = HA cep eos hep. Afar mea the eto 
me 0 a00 
Bannee 
arr 


(0) Mh demand ae tin BO, 2 


16. The number of large Bch ls fiz) = 2s +16) where x i numberof medium fish, The number # medium 
{ih s ge) = v/u-+5000 whiee a isthe number ef sal fe. i) Ass Tenelion of w the numb of lage fsk 
1s fo(u}) = y/20 7 4 BODO) + 180. (b) There ae 9 milion smal fish 

al9000000)) = /2O(SO00-F 30M} ~ 10 = 580. There ae 550 large Bb 

I If in fe the cediue of « phe ond A uni?ig the surace ote then Ale) = de® he selon aces ot 9 
m/sec, 0 + = f(0) = (a) Ags te the aren in (S(O) ~ da( QU = Meet ce? 
(0) After see the aa Sie? = 5763 = 1800.8 cx? 

12 Ip Wie the sadiun of wephare ao V 0 i the volume, then V(e) = fer "The endive io 94 ond decreas at 
45 in/main~21/mia sor = f(0)= 23. (a) After eminutes the volume is 
Vist) = $2(2— He). (&) Atte S minotes the volume ie fe(2—f- 3)? = 2a m3 

12. A fd of length 2 m i exclsed with 240 m of fence. Its width is {240 — 22) =120—r m and ite ages ie 
fale) = (120 2)z= 120234, 0-< <1. alc) = SAN) ~ (250) is greatst when e— G0 ane the Geld is 
Bmxe om, 

1A. A garden of length = Mig encloond with 100 of fence tx width is $(100— 26) = 50> fad ts ane is 
a(2)=G0~ 232 = Sir 24 USS C50, ofp) = 615~[2— 25)" is grate when 225 nod the gander 
ext 

1S. A fidd of length # m paral to aver eneloed with 240m offence, Is width i (240-2) m and ee area 

YOQI0—2)e= 120e—Je", 0 2 <2, ale) = Ha" 2402 + 120+ 5 OD = He 108)? + 7200 

fe geatet when 2 — 190 andthe Gold 120% « 0 


40: A geen ot gi x poll wa Hone acne ih 108 de win 002) ad 
tree 0) CW son dhe LA oe Stee oe) fet ne oH 180) = Ne ane ae 
Sevatal ober 250 mde ged io C35 1. 

in nn rer iy 1 ek i Weide lh (0) NE 
‘V(r)in®, (b) Find dotn(V). (c) Maximize the volume graphically 

> Veeah Santen dal tse 4 Te maxima slums 148 va 


pet da) 
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1B age equeree ave ut for the cavers of 19 em aqua nl the ie ee tra wi, (a) Find the wale WC) 
aah () Flad dom¥).() Maximize the volume grapticaly. 
bb Vintek = [12 -2o)P4 © pede(It—e}i2 2a} aum 26) 6 Ee EB. The mame veine 128 cn? 
he 12-2 = te, 2 = 2.Cus 2 ca quae, 


19, 2 in, snares age ex fom the conte of 12 8: by 1b i. shee and the sles ate tamed up. (2) Fin she 
“ohne Va) 8 (6) Fied domV) (0) Mesimiz the value gropiell 

» Wotan = 1225) 19 ~22)e, 063 <6 Ie asimum Youre 9 17 lat when ¢= 22 (ne) 

20.2 cm sqoans ae ut om the enters of 0 em hy -em sheet and the ware tured up. (a) Bind the 
Soltnae Via) ca, (8) Pd dem Vj. () Masinine Qe vole spl 

Vato =/4) 20) 8-—2e)e, D'S 2 20. The macioum voline 564.2 cy? when 2 = 7-36 fem) 


1,0 in iste volo of eying, 6/7 in the bt. 140/r inti the atc ate, 
ar" in ty te ates ofthe ens. Te costs Ss” forse ies ad S28/a? fr tie en The otal cot 
Cle) =seantje ee dee Eafe mtn, es 0 C= Kio Aljr tae) (pect 40005) iy 
flaca eben Co/t = Her} P= 18/9 LES I 

22.40 0° othe volume of acpi ri he rei 6/20 I the eles, 120/r mt he ar ane, 


ih the seen of the Betton, The tla sutoce Slr) 2 5G Sele} fr tor 
$n) issn when j= 3 


2. A pag with wins 95 i Lp id ton a tthe ie to nein 24a? int) 
Tani tad an of be pp Ale) whee the oth of the pte fqn =e 0) What he 
dotminD of ATC) Aporerinae thy escent hunedth ofa nc he sie ef th anal Dee 

= (@) The length of the praved segioe & A a, Ae) = (0+ 2)(S + 8) 99+ (Ge +58) (ods = 144) 
(0) D:2>9 (6) Agig sett when ie= By aad 
eerie re 

‘MA lok ith walnay 20 ve the ft and Ik nd 18 atten oon’ 12,00 ding 
Ga Pid the Lal te ofthe te Ate) A wen the wth of te fem (8) Whal Bide dma Dok 
FG) nsec dn ewe bared 3 op a ne bs alin 
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> (@) lim fle) = Jim 


(©) ig f(@) = Jin 2 =-2 


©) ig Fe) dows not exist because lim fe) # tin, 10) 


sae Gd 


©) in, = tm, 


Gageo 


(©) Hin, 10 ows not eit Benassi FA im 1D: 
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G3 


$950 0-62, then Bim) — Bee fo 8) =1 


(Beco m1) £i_(9, BY OHNE 103m, doe nex 


BP tase 
srei=(,, EE 
b (3) Tim PCa) = lim, (@=2)=4 
©) Bex 1 


©) lin Fe) =4 by Those 163. 


desi ifred 
SMO~ leo: i253 


(© Bi Pe) =7 hy Theatom L6, 


fo ings 

togelnfe tent 

or 

© (3) tim, at 
(0) i. oe) 


©) lim 0) = 8 by Theorem 6 


Bee te -2 


8. a)= iis 2 
i= ifter 


m (4) Bacon g( = 1h PES 2 them eo) 


= fim (t= 


(0) Became (= 940 it 


(©) Beast en) = too 


afe=fi ites 
=? thes 
+ G) tin J) = fin, Q-#) 0 


ft itrez 


(©) Jm_ 12) = hin. (et=4)=0 
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pn reco 
®  salsimei=fo  eeco 

Mo bese 
(@) Weenie gn 2 = Lit z> shen fags =| 1ife> 0 and 


(b) Beenie sons =—1 if <0. thes aoe» 
Ag AO ie 
(0) Ben Se) =m 


tee 


Os (ae 


(0 in Volos ewe 1) #8 
“tet s(9= ay Vie 00S 3H J)— Hae) 
0 Beran eee ET eT 


it Fel itm, 3) 
i ls = 110 fin Te) = are 
(6 Hg iGe)~ thy Tacos 183, 


» r0-{4 vey 


> 2) tim HO = im Vina 


( a Fe = Jim. Yi=0 


16 Bg = Oy Theorem 1.63, 


L6ONE-SIDED Lots 3: 


vane : 
aa ; 
\as 
eas Mt, 
ep ov) eH PTR : 


En Me) = lip (242)=2 


sia” = mS. 
eek ee 


(ING) = if > 6, oo in, MG) 0.) Me): 
(© Basi ei Re) he eM) dn 
8S 
14 in te 
fin,fe~s}= (1121 © Sp 1007 
EGE cont existe io, ele in, 


1 if ae tm Ae) 


oy Hee 
ES 
ie 
fig, Coa 
eyo 
FB nt tn 4 
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26 Le Gla) = [e+ 2] 

> lat r beany integer. Fen, then Gla) =n+ (1m) = 
Mnegent tim sa>dmz>4- (eh i) = 
Geant Gm =2 


(@) Im, a) = 1m, 


Gt te) 
(© Beast in, Gx) = tin G(s) = 8, by These 16.3 im 


wm no=(th Et 
> im fl) eset and ony i tg 
"Ep £0) = im Ge-42) lin, J) = Be (rt) = mes 


Tere iy Fe eats ona only 3720-4 B= 1 wan ta-o, 


a ton (ee tren 


> im, 18) eis fad oly if tig st 


(enn Sa 


Ror rsnrs 


pe tec-2 
forsb f2a3<2 
6 eeSe 

© in, Fe) ext than tins) 


1 Tg (0) exis then ge [o) = i Fa tat 


sulving eee equacions Uanutaceovsly. we eet 


ae tees 
Gina tad= fered Hees 
bose Wace 
Iona the va faa 959 en, a) ab de) Doh en 


> Because of the tne onesided lis rcsuce ofthe we ore-sded limits 
li fe) li, Ge ja+2h 
tise = 


ig (02 +28) 


ihm, Je) exats by Theorem 1.63 we must have im, 2) exe by FRconen 2.3 wei Bave 


O-a= 40426 42 =b— 15 
a8 toot 
Solving thas eqetions siniltameualy, we sais g = = asd 


reese 


38 50) 


exo 


in J) = Bl sa ter om 
mon in" 70 4 i, 0) 1 dom lB =r = 
Bi ly Hm ering i 
He 


vo For ovary dS 4 theroiv s F> Quack Ika |fla) -b| Se when Zn ates 
at FO) [ce mien <0) <8 
tis 


5 fig) "Land am 7)=- 


(there fea 6, >0 such that |f(e)—L]<e when Ucr—ac8 and thee i 96,50 such 


LO ONE-SIDED LMIES 53 


Jn Execins 35 and 3, evaluate the limits from the graph of fmetion f sketched in the accompanying figure 
35 (a) hm fle) =O 0) ip fe) = (6) lm, fCe)= 81d lig 0) de ot exis (@) eg fle) = 8 


(8) ig flo) =2 0) Bin J) = 26) ffs) = 2 an he 


© Jin 12) =9 (lig fe 


28 (0) ha, Fe)= 40) Jip se) = 200) hn Fle) =? 
(2) Because eg fl by Thescem 1.88 Jefe) =8 


(6 ig fo) ~9(0 Bn 7) 1 6) Dera i fe) AB Pa Be) ds leit 


(Lig te) = 


(0) lity Je) = 1.0) aco if) = im, J(2)= 1, by Theotem 1.6, Hn fe) = 


Execs 36 ‘Brie 96 Prettse a7 Prercise 38 
oes <50 


25, f(¢) dlls i the cant of shipping =U. Fe 


© (8) im 7G 
(hig Fle) —, I 2ske = 2.1 200-—-20 


40, F(¢) conte ie the cost of mailing x once. Fs) 
& (geud) oc es 1 tha Fe) =9— 23 


(end d) 161 <r 2then Fe) = 
(98 <2 $10 hen F(a) =9-25(-20) 
(and 9) 10e3 <1 then Fle) = 
linn Pleh= 262 


= t6tands0 tim Fla) = 


Hocren 


42, G(e) collie isthe admision for ager pars Ge) =47 12g 2c 


©) lin Be) 
(0 lig 6( 


Big 


FUNCTIONS, LONTTS, AND CONTINGETY 
Poh test eed 

I ee ame OL seen 

© (al ig fle) = fig (a4) = 1443 24 and nfo) = Him fete 


(0) digo) pata tend imgye)= bm 223 


2 ied 
ee aia 

(ig Mle = evo Aan f= 0°) 

‘Therefore, tim [f(x}-9(e)] exists aad is 4. 


(3) £0) 980) 4 


eh EsBiaaai-| fret 


ea) E31 peasy 


purer ees Re “— a 


(©) piel ae) fg 22 an int) ell = 2 
Semin li Ce) 0) then Inge) + ee) =2 
(at Reise iy fa) an J) do att te ote of in There 4a aot ated 
LP INPINID® LIMES 


VTA Deflton Let J be fiction thas deine at erry meres io one open iolerval sont 
‘Sreeph pony al the mumber @ guts 2 approscer a, f(z) meresses uihout 
‘shih ie ween 


dm se 


fon ny aumbar X>.0 hace site's $> Ova at 
HOcie—aic6 then Fle) 9% 


122 Definition Lot f be 9 function thal dined at every nthe in some open iniewal containing @, 
‘steep somihy nt the mimber a ills appreccher a, lz) ceereases alba bead 
shih see 


iter any aunber <0 ee st 6 Ose) at 
Hoste nai<d wer fla) <N 


ke ak ae init ‘The flowing Cgcems fale suck 


We may slo define oneciled 


Hint Theos 11. ina poten age, then 


eas Meee 


WSS Nes aeeinaec 


‘LT INEINETE LIMITS 35, 


sacri 2 cs an te ia Fe) fig 
Mea i ES * 
GEE asst 6) 0 we aw ae A) — su 


1 where is a constaat not equal 


(BE «> O mdi Ce) +0 eo antivenom EP 
(0) 0 ti) ~0 Heap pate an 0 i Eh mae 
2 
Te) 
“The or i valde ~ a" avec By “eater ro 
Wie cha sow ally fl he Bh of 9 vin daar ha suman ox the 
esrinsor has lint ne he wren a intro on he denote hs nit 
tha nt ter, hen by Tr Tene 9 the i of oe tacton mse he deniaoe 
Mes iedeeor Sot ba nar ts Bet Ub ane ce oe ctr aera ee 
‘iron 12 i tly muted andthe fit he Eacnn fe tee  -we. ageing 
sick cn, F bth he suet a detention have lini then af the methods 
Sse LS shee oot 


(>) ie <0 endif Je) 0 deoughnegatnevalan of fl is, “ 


(i) Bostor the msmeratr and desorinstor an camel the common ft 
(G) Rationale either tie sumerstor or devominator acé pocied sf (), 


We wil kar addtional mettols a2 we proceed throxgh the book, at iti inportant to 
realize tht sn init simply don" ext, 

78 Definition The line 2a isaid ty be a wertislasympte of the gagh ofthe fanetion JH wt oe 
of the ollowing statements str. Bak statemert is ustiael by the sagh below 


(i,m. fle) =400 (i, f(e) =o Gi im fe) = +00 


Byles 
Bese ir 

1 Faerns 1-12, do te fllewag: () Um a canton to tabulate vale of (a) br te apaited vas a= 
“ts fom thee volun mans a statement regercng the apwvent beer (2). (0) Soponn sair ano! In past 
GG) otng the gph off. 6) Ousn pou aves port () analy nly by soxiptng Ge nit le 


© Let 0 and 0° dente quantities hist appreac through pretive and negative values respetively. fp and g 
se pontine aa angative mirbers, then Init Theor 12 aa be relate ae below See Soleus 9 at 0. 


8) 2/0* = 400 Gil) oft = se (is) 9/0- = be 
568283501 son sat 
Ligte=sty : ose tor 
1 tow postive ne. Helin, l= on 


5 


499498 4.0109 
Tort =1H008 


= 0 Ueeigh somtie vans. Hones, lim he = 
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355) 50 sno 5.003 
Loe 1 2 10 Aa oa 
— 

te a 0 


(0) eg = 1 ond tin e—9? 


Uo aca es, i, a= oo, 


$22 sion, 05.02.49 00, noon). 242 


1 (From the vals of J(2) forthe soifed values of © give In the table, j{0) appean to be increasing 
sithout bouud as 2 approaches I fom the le. 


308 09 099 0900 apmRo 


25 2m 2300 20000 


Hag +2) = 9 ad eg (2) =O. Beanaes 1 the =< and 2°90, Thas, 1 approaches 
Suge vue BF Limi Theotem 1A), eRe ig $22 = ioe 


8 (010-723 go Sgt he 
(8) ing e993 a fig (1—2} Wu gate aH, F 42 


ae ere 5999 0.499 
Serene Tet fal +0 Do BAA 


LOL 1a L900 
Fay ie ats wet apa oS Sona OS 
(8) Bi b= an in (25) 0 gh posting aes Hon fn ag 
= 0-05-00 009 0990 “vane 
© ORM TSE elt 
) tin (2-2) 


8.) fle) EGR oie 2, 
1 () Prom the valine of fle) fr 
srthout bound aos approeshee—1 from the I 


Zor Lent ain 


“Baad nn (2441) =0 throagh postive vale. Metce, lin 


“ay tn 1.001, 1.000116) eB 


special vntuce of » given is te table, le) appease to be increasing 


= 2 ae hd 


yo 300t 30001 


Ther eet end 


sHI<e Thos, 


An} 4.901 —4.001 
or — 4001 —a.a01 


a 
=45 <1 101 i001 ~.0001 
eoF ey as asa aT 


Byte =12asd fim @=z!)= 


Mat (b) tim, B= = es 


“neg negative values. Hence, 


vr werner ries 7 
26). 10) = foes 24,0, a, 2001 i, 
= (0) Tin is Yio te sao ot fle) kc the peo Valeo 2, Ta the abl, /e) pe tte 


decreasing without bouid as» approaches 3 frm the right. 
z a CE 


er 


© ig = 0 (02) 0 Fahmi 3, aaa ae Th 
sep 0 trough agile vloes:By Lins Theor 128), in 422, = as 
(Bewcocs 18-80, led tha lit and rapport you astwer hy plotting te praph atthe fein, 


Bo et ne a? 
a e5- sae Bee ee 


Sig VETeP= Sand ip. 2 = Othiongh neeive vlc These, tig, M42 


VES in 
ee 


ose ae 


/aFi= Vind im, VER3=0 trons 


‘im Vidas 
ae 

eau beth the numeritor and desorsinazor have mit () we cannot wie Trt Theorem: (2. We must 
acne. Roesnae 2 7, then 2 <4 or eguivalatly, 4—2> 0."Thus, 


“=f 


o 
‘Bean im. EFS = VE and lin —V/F=F= and — VHF sopenes U orngh negate ses by 
nt Thenem Li sd Ee (we bave ti MEESE = 
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tm G-3)= ip, dp, 27 0 teh postive sas 
‘Therefore, tim, #3 


ny #?=2 
in 


pa cesy 


a (6-1) andi (424042) = 0. Beane 19° fon =< thas 63K +2) 
spats hah ga Ws De by Lik Tat. 2), ig (opp) = an 


wan) =i 
Gaara) = Teo T 
Pane a pt nen td 


2. 


Aa 


‘hrongh pose vlaes 


Toe 


Peas #21 ad 38 e001 2 1, them 


im -1)=0 


P92 +100 _ jj HOKE gy 8) 
2g. cle A ede ae 
aad fim_ (2~8) =0 though negative vas ence in 


e435) 


LF INFINITE LIMITS 39 
aE TY yg Gav) 


TE Jae ae eth teaaoE 


views 
5, CL 


ee 
an a 


‘Bn, (V4 = tad in, 2) 0 ph pao vale te, tin, YEE Hs 


eet =e 
fen 


Bence tn nemerntor ae dnersinaor nth havent, Limit Theorem 12 doesn aly. Wie atone 
the derominator 
piwareed 
Apacer vies 
wg lt pees) 
T= 
wii @-2@+ View) 
cL 


~uy ® 
Noni, (04 AH Aw 0-2) =0. Furbo ~2 oppo gh pea 


ee eee 
bya Pest DEAD 
Bete) In fein} He) = fe = 20. i 
= Ee 


fe Fe) — tim fle) = R= 2. fi fie 
lige P@)— tn le) =F 2 ti he 


“tn Bein 85-4, find the vertical aggmptote(s) ofthe gwaph of the anetin, al sketch the graph 
“35 (0) Beem. i. 


cor becaase tim, = 4oo, 2 =0 ina vertal arptote 
() Becaue lig 4 = 400.2 = 0s a vertical asymp 


(6) Decree ta an Ma Spates £0 everal oiats 


ee 


Execeie $5(a) rence (0) Breese $5(6) Exercise 354) 
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26 (6) Beco, im_ 1 = +o Lint The 1) eaten, = oy Lit Thee 


i ba erGen aps 


(0) Pee tm 


-o by Limit Theorem 12) 750 ia vertealaaymptoe 


so by Ut Theme 1200), 


(@ Beease tm. —y= +20 ty Linke Thom 10) or tease 


= Os adie anympots, 


An a nae neh Neeson 
nce i) roi 35) amet 6) tt 68) 

a sp eb in Bm densa ial i 

a orbeme, lin cya Sateen havetial exon 

». oc orbeite lin, Py Se ave armpit 

* 

. Furheron, esie £50 35, and cb int Thor 2) 


Orhee-8 ifs cm tt Ta) 
i eee 


has, 2 = 5 is verical exynptote 


eenise 37 
1, Rican in, ihe, 


ser 
coy = $i verical empl. 


ing, a) = ave = Sn esi! anypione 


(2) = 400, 2= Diss verical aproptote 


LY NEON: CaM 41 


a te 6) = va, in fet) = 1, Hecause = 6% the 246.5 thus (+ 6)— 1) approaches 0 
Fou negative values Therefore, by 
vetial aympote 


(Bis(246)=7 andi f2—1) 6. decane #1 then © 1 thas (2+ 8) ~ 1) appradies thru 


Foive vate. Hse! by Lilt Score 125) Sim pL = Heo, Thue = a veel asptoe, 


Eeacee 41 Baar 2 
Exess 8 and 4, evaluate the ints fom the anh of fonehon fsbetched i the seconpansing fit 


Frere 12 * avin 


Oty i 16) idly) 10 UE) 
A=) = 1) ti, fe) =~ 6) se) = 

Tis fle) = +542) gst) 0.6). Sees 

(9 Teicha) = (a fig To)= =) 8 F2\=— )Ienfe) =—2 8) in He) 0 

Seve and ch tn grat of ttn fat 


ie+aii/le+oXe 1) tp <ee-1 

> The Agave shovs ike gaphor{z/(t—2") Watered 
—ayflle— Wie) lee ch 

$B Te domain of fis |B 2}. (2) = JY =0; 0) =9; =H 


lingetle) = ms 16) = os ag = 6 29 


4 re shown the gph of {HET LIMME TINE 2) ee -2)-1)U(-10) 
Teton emi on ee nes i arabe 
Baer recon a6 ecg £7 Renee (8 


inj fh) = 4° teaser a na ate 


fe) = phyaud 12) = yy 0) fig ot 
ting) dos mt ei.) 8) 1) 


gi "2040 Js) deen nett ty 
M2 #200 lniyie)+ate))=0 


#2 PONCTIONS, EMATS, ax coxmmury 


(4) Besonse Jing) ond Ino) do nov enst, the hype of Limit sore ae not wali. 


te im path EB on. tin, dene not exist bese 1 (/2)* <0 if #6. The tm a 

lee ae 

2 elton xo exis: heente nether Paid it exis 

‘LT SUPPLEMENT. 
‘Theor B ay fe) 

Proof Tet 

(2 for erey 8 90 teres 4 650 such tbat (2) > W when D <le— ald 
(2 fo every M-<0 there is 2 £> Ouch that ~J(3) <M when Dele —al <8 
# lin-f'2)=~20 


Sptementry Beerises 17 


0 by ting Deion 17. 


2 Prove tat tim — 2, 
ieee, 


> We rans shew that for any N>0 there exists @ > 0:mich that Oe |z— 2128 thee fens 
ors eins bene (= 4)? 0 amt > 0 0.cle-ahe8 ten tet eh 
ox ena, toclealco ates te-aic yh 


The above statement als i = 


8 


2 Prove that i, 2a = “coy ae Dita 12 


i ee ee 
ian, Meas 7}? 0 sd <0 Hoes sied then (ea eg 
seicemivtty iC <1e4le6 then Le=al< JE 


Th sbore statment hale 


3 FoveLint The 1}; 1 hy poten ten Bg = [TE EB we, 
AE dn odd poe integer wea sow Lal fr ang N-< tins aS Dacha 
Hreceetden yen 
Oe -2chthen bs» 


Oe me <athen Ly > -N (beater i an ad intets) 
8 0-<-e <6 then (-2lf <b, (became 2 > and 50) 


0c —ecb ten me < (pM brane eps) 


-(a)"" 
14rn an even pain intege we mst tow ht foray N30 thei 88 ek oa 
fberctua tan 


 €0<m2< Aton Zhp> 9 (ecuse an ove neg) 


#4062 c6thon 27 <f (becnse “#9 Dane N 


‘The at eatement hols 6 


2 0c <b thn 2 <()” (hei tn) 


‘The last statement had sé = (LP 


LT SUPPLEMENT 5 


& Foose Theorem 1.74 
© Se want prow oh 


"Ei, fe) = wih (2) —0 hrogh nates vain 7) adi) = 
256th in SED =, Now fn (2) = € hfe) ~ Oth psi als ade ae) 
Beth = too: tene ty Trew Ba -{ 2D 


Fe 
Prove Theorem 1.740) 
[> We vant to peeve shat i im f(2) =0 with f(2) —0 thoigh postive values of f(2) and lim of) = ¢ vith 


f=at2) 
Bene bs Thien Bn (8), 


Brow Theorera 1.406), 
“We wont to prove shet if Eg fle) =0 with f(2) —0 thtough negative values of (2), and i o(e) =e wits 


ich —J(2) = 9 tom pase ves td 92) = 6 


2) 


SS) cc, or eile in $2} 


fi 
‘rove Theos 1.768 fee any conetan! and 
{9 HE Sig f(a) = to and Hi f(x) =e then Ji Pe) +f} = 45 
(8) Jim (2) = 0 an Jig fey = ene tin (2) +2) 
then or any «2 theca 8 > U see tha 
#0-<j2—a1<8 then|g(2)~2|<e 
Sow |9()|-iei slate er Hes + thee ead sek has 
WO cle~ai<é then[al2)~e| rele) 
eito<iz—aic 4 then| gia) <2citt 


ithe 0 and ae, be case), i 


SM com oicg hen Bel1<oG) <Aer41 im) 
“Te prove pet () wb mt aw Pat “Tu prvi pan (we sa aw al oe 
Beh ee tele $= Doveh at sing N-2 trek n 50 nck hat 

4 laa. 6thes fa) g(a) > FO lo—el 26 tes f(e) +(e) <¥ 

lig fle) = 0, hen or Deca lig f(@) = os tan for 

Ne tiese1> OMe i a5 >0 sh Unt NaBetn1 <0 ter ina > 0 ach chat 
HOS [pele my then f(2)> Re 2ertd iO 12—e1<6, ther fe) < N—Pel-1 
1 = nln 09, fy satouens (2) weg afd el 5) by stot (0) weg 
Heciewaies itgcis—ies 

ten (2) t(2) 284 Re4t Ded hn JG) 482) <N—Bel- 14 Rest 
tO ciew eles the fla) a2)> eittreis aie ther fle) $3(6) <8 
Benes pot () 8 proved. sce past (i) i proved 


& Prove: Mean 116: 
Dy fie) = tos fing 9) wie ony conetant map thn 


He): sa)= +39 (at 50, km Pee) ale) = 
Jig =f(2)= 00: By Theor 17.7 proved blow 
fe) gfe) =e eed Taf) se) = 40 


“Applying ‘Theorem B again (othe lint of the rodacts, we obtain (i) and (i. 


8, Prove: Theorem 1.7% 


iia 10 


os a lin g(2) =6, where eis eny constant excep 0, hea 


(if e> 6, tim Ka) (2) =-00 
(9 ar<0, ben 4(2)-9{2) = ee 


To prove part () we mis bow that for “eon aa (a we nt a ae 
auc Olbet ya be tneh tint Sy ino tk 2850 ach tot 
it cie~e}-eb then J): g10)<N () We cie—si cb then (G)-gf0) 98 (8) 
becatueim s2) = cand ¢ >i then on eesae fim gfe] cand © Cia oe 
fo> Uileins 430 ech tat fe> O theres 64> Onn chat, 
#0-cla~at< ths ae) —el<ie i€0.<te~01<ty eae) el< Je 
aif 0<ie—ai<éy then gle) <> ~ fe 2 ito. cia al dy then ile) +> fe 
eif0cte=n1<8 ten 2) > fe >0 2) 6 iT0-<1a~a1<b aa =e) > ~Je3 06) 
esi ln fC) = ~o0 then for 29 
thee > Och tat (eres 8 85> 0 ch est 
cremate bythen —fle)>—N>0G) 0 cie~ alc the ~f(eh> = 
et $= min( fy) Iles ev = ini). follows 
fran watemerts (2) at (hat fom sates (5) and (6) shat 


i0-<j2—a}¢6 then~fie)-9(2) > —2 


tO <je~a1< 6 then fle)-a(2) > ~~ 


‘This ie etatemont (1) roving part () “This is statement (4) proving pact (i). 


10, Use Definition 17.1 ta prove that 


& Choose §< 1 that |e 43/<8 = 


lel 


<rticlates 


6a Tels—2l< 9 Then 


7 nears 
[Bete Bot wien 5<f Chm 6 min. 
LACONMINUITY OF A FUNCTION AT A NUMBER 


‘There are many sheorems having @ hypothesis that faces the condltlon tat & funeton 
‘cowinwous at « number a. Heace we mst be abl to detsrmine fn function fe eontinnone 
‘iscontinucas st a. dhe isa treo in the graph of fa the poiat wheve 2 =a, then a 
Siscontinuess eta Ths tuations Included is Ue folowing saat deition, 
‘he function J Is sald Wo bv comnuous at the ounber «iV and omy it tke following the 
conditions ate etisied, 

(fla) exis 

6) Bi Fe) exis 

(0) Fe rh) = s0ay 
It use ot mote of shee chess condone fais 10 Bold at 9, te Mheton fw sud to 
‘iscontinuons ah 

We note shat ve may hare t consiger onesidel Tinite and use Theorem 1.48 oe 
deurmine wher oF not consi (i) 1) Definition 18-1 i stieisd, This i luteal 
Peereise 7 IF fin fnetin thet 9 dicontinioye atthe ramher 3, bat fir wie Ty fa 
exis sad b the real nami Ly then ete f(a) #L ex elie f(a) does uot ext. Such disco 
Unuty te called 2 removeile Gsconiausty beimue if we detne fl=)—L the new function = 
consinnne nt A nersow dncntinty il ot show ae» rink when the graph ie load 
fo a graphs talealatorunles the zrange is catfully chown, flim, f(z) is not 8 na 
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